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Abstract
We examine classical and quantum aspects of the planar non-compact spin system
coupled with Chern-Simons gauge field in the presence of background charge. We
first define our classical spin system as non-relativistic non-linear sigma model in
which the order parameter spin takes value in the non-compact manifold M =
SU(1, 1)/U(1). Although the naive model does not allow any finite energy self
dual solitons, it is shown that the gauged system admits static Bogomol’nyi soli-
tons with finite energy whose rotationally symmetric soliton solutions are analyzed
in detail. We also discuss the large spin limit in which the self-dual equation re-
duces to the well-known gauged nonlinear Schro¨dinger model or Abelian Higgs
model, depending on the choice of the background charge term. Then, we per-
form quantization of the model. We find that the spin algebra satisfies anomalous
commutation relations, and the system is a field theoretic realization of the anyons.
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1 Introduction
Recently, a nonrelativistic nonlinear sigma model (NLSM) defined on the target
space of coadjoint orbitsG/H was proposed, whose Euler-Lagrange equation of mo-
tion yields the generalized continuous Heisenberg ferromagnet [1]. In this system,
the dynamical variable is spin defined on coadjoint orbit whose Poisson bracket sat-
isfies the classical G algebra. When the target spaces of coadjoint orbits are given
by Hermitian symmetric spaces (HSS) [2] which are symmetric spaces equipped
with complex structure, the generalized spin system becomes completely integrable
in 1+1 dimension. It was also discovered that incorporation of the Chern-Simons
(CS) gauge field in 2+1 dimension on the same target space produces a class of
self-dual field theories. They admit Bogomol’nyi type self-dual equations whose en-
ergy is saturated by the topological charge [3]. A detailed numerical investigation
in the compact SU(2) case [4] showed a rich structure of rotationally symmetric
self-dual CS solitons with finite energies.
Since the self-dual CS solitons attracted a upsurge of recent theoretical interest
[5], it is worthwhile to give a more detailed investigation to the gauged spin system.
In this paper, we carry out this in the case of CS gauged non-compact symmetry.
We consider the simplest non-compact G = SU(1, 1) with the target space of
the hyperboloid M = SU(1, 1)/U(1) which is a well-known example of the non-
compact HSS. The motivations for non-compact symmetry are two-fold. On the
classical aspect, we are interested in the Bogomol’nyi self-dual solitons with finite
energy. First of all, the non-compact symmetry in nonlinear sigma model was
considered in a wide context before, in relation with dynamical generation of gauge
bosons in supergravity theory [6], integrable non-linear Schro¨dinger equation in
1+1 dimension [7], Ernest equation in 2+1 dimension [8], and also in the context of
condensed matter physics such as integer quantum Hall effect [9] and magnetic spin
system [10]. The static self-dual Bogomol’nyi solitons with non-compact symmetry
were studied only recently in [11] where it was shown that relativistic NLSM onM
coupled with the CS gauge field admits rotationally symmetric soliton solutions.
On the non-relativistic side, the result of Ref. [3] on self-dual CS theories in the
arbitrary HSS implies that the non-compact spin system will admit the self-dual
equations with Bogomol’nyi bound. But this does not guarantee the existence
of finite positive semi-definite energy solitons. One of our main purpose is to
survey the existence of static self-dual Bogomol’nyi solitons with finite energy in
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the gauged non-compact spin system.
The non-compact spin variables are defined on the target spaceM. In contrast
to the compact SU(2) case on S2 which is a typical example of circumventing the
well-known no-go theorem in static solitons [12], and is supported by the finite
energy topological lump solutions characterized by the integer winding, π2(S
2) = Z
[13], the ungauged non-compact spin system does not allow any static solitons with
an integer winding because of π2(M) = 0. Besides, the self-dual equations have
only singular solutions in which both the energy and topological charge diverge (see
discussion following (8)). Coupling with other matter field improves the situation
in that there exist exact solutions characterized by a finite topological charge,
but they are singular and not localized soliton solutions [14]. Incorporation of the
gauge field drastically changes the situation. A detailed investigation of the gauged
self-dual equations and their numerical solutions indeed reveals that the gauged
non-compact spin system admits self-dual CS solitons with finite energy.
Another aspect of interest is that the system permits classical Holstein-Primakoff
transformation [15] (ψ → ϑ) which changes the symplectic one-form on M(∼
ψ∗ψ˙−ψ˙∗ψ
1−|ψ|2
) into the canonical structure (∼ ϑ∗ϑ˙). This transformation has an one-
parameter dependence on the total spin and we find that in the large spin limit, the
self-dual equations reduce to the well-known gauged nonlinear Schro¨dinger model
of Jackiw and Pi [16], or Abelian Higgs model [17], depending on the choice of the
background charge term.
The second is quantum aspect, especially concerned with realization of anyons
[18]. It is well-known that the CS field produces the long-range interaction which
is responsible for the existence of anyon. We find that the quantization of the
gauged non-compact spin system also leads to the nonrelativistic field theory de-
scribing anyons, and in the large spin limit it again reduces to the gauged nonlin-
ear Schro¨dinger model. Of course, these features are not something which belongs
only to non-compact symmetry. The same analysis performed in this paper also
indicates that the compact version of the model [4] also exhibits the anyon char-
acteristic. But it is interesting to have these properties in the non-compact case
also.
The paper is organized as follows: In Section 2, we first describe the ungauged
non-compact spin system and set the framework for further discussion. Then, we
couple with the CS gauge field and study the self-dual solitons. We also discuss
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large spin limit. In Section 3, we quantize the gauged non-compact spin system
and derive the anomalous commutation relations. Section 4 is the conclusion and
discussion.
2 Noncompact Spin and CS Solitons
We first recall that the action principle for the (2+1)-dimensional generalized
Heisenberg ferromagnet model defined on the coadjoint orbit G/H is given by
[1]
S =
∫
dtd2x tr
[
2Kg−1g˙ − ∂i(gKg−1)∂i(gKg−1)
]
, (1)
where g is a map g : R2+1 → G for the group SU(1, 1), andK = iJ
2
diag(1,−1). J is
related with the representation of SU(1, 1) group [19]. Let us express the element g
of SU(1, 1) by the kets (|Ψ1〉, |Ψ2〉) with |Ψp〉 = (Ψ(1)p ,Ψ(2)p )T (p = 1, 2), and denote
the inner product between the ket and its bra 〈Ψ¯q| = (Ψ∗q(1),Ψ∗q(2)) via 〈Ψ¯q|Ψp〉 ≡∑
i=1,2Ψ
∗
q(i)Ψ
(i)
p . We introduce the metric M
ij = Mij = diag(1,−1) (i, j = 1, 2)
with respect to which the raising and lowering of the indices of the components
of the bra and ket are performed: Ψ∗(i)p = M
ijΨ∗p(j) and Ψp(i) = MijΨ
(j)
p . Then,
the inner product can be written as 〈Ψ¯q|Ψp〉 = ∑i=1,2Ψ∗(i)q MijΨ(j)p . The SU(1, 1)
condition, g†Mg =M gives
〈Ψ¯p|Ψq〉 = Mpq, det(|Ψ1〉, |Ψ2〉) = 1. (2)
By making use of the second equation of (2), |Ψ2〉 can be eliminated and the
non-compact spin variable Q can be expressed by
Q ≡ gKg−1 = iJ
(
|Ψ1〉〈Ψ¯1| − 1
2
I
)
= Qatbηab, (3)
where ta’s are given by the Pauli matrices; t1 = −1
2
σ2, t
2 = −1
2
σ1, t
3 = i1
2
σ3.
They satisfy the Lie algebra: [t1, t2] = −t3, [t2, t3] = t1, [t3, t1] = t2 and tr(tatb) =
−1
2
ηab, ηab = diag(−1,−1, 1), with the constraint 〈Ψ¯1|Ψ1〉 = 1. This constraint
can be solved explicitly in terms of the complex projective coordinate defined by
ψ∗ = Ψ
(2)
1 /Ψ
(1)
1 (Ψ
(1)
1 6= 0) with a real gauge condition;
χ =
1
2
(Ψ
∗(1)
1 −Ψ(1)1 ) = 0. (4)
Then, the solution to the above constraint is given by
Ψ
∗(1)
1 = Ψ
(1)
1 =
1√
1− |ψ|2
. (5)
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Putting everything together into (1), we obtain the following reduced Lagrangian:
Lψ = iJ ψ
∗ψ˙ − ψ˙∗ψ
1− |ψ|2 − J
2 2∂iψ
∗∂iψ
(1− |ψ|2)2 , (6)
and the non-compact spin from (3) follows that
Q1 = J
ψ + ψ∗
1− |ψ|2 , Q
2 = iJ
ψ∗ − ψ
1− |ψ|2 , Q
3 = J
1 + |ψ|2
1− |ψ|2 . (7)
We have QaQbηab = J
2, and J is the total spin of the system.
Let us study the self-dual solitons of the above system. The Hamiltonian can
be written as the Bogomol’nyi form as follows:
H =
∫
d2x
2J2∂iψ
∗∂iψ
(1− |ψ|2)2 =
∫
d2x
2J2|(∂1 ± i∂2)ψ|2
(1− |ψ|2)2 ∓ 4πT,
T =
1
4π
∫
d2x
[
iJ2ǫij∂i
(
ψ∗∂jψ − ψ∂jψ∗
1− |ψ|2
)]
. (8)
We find that the energy is saturated, when ψ is self-dual or anti-self dual, but these
are singular solutions because of |ψ| = 1. Both the energy and topological charge
diverge. We could restrict to the upper sheeted hyperboloid given by |ψ| < 1
or the lower sheeted hyperboloid by |ψ| > 1 from the beginning, but nothing
prevents them from developing a divergence coming from the boundary |ψ| = 1
in the integration. We find that the CS gauge field enables to circumvent this
situation by providing an effective potential in which the boundary |ψ| = 1 can
not be reached and make the energy and topological charge finite (see (22) and
Fig. 1 in which the boundary |ψ| = 1 corresponds to φ = 0).
To see this, let us consider the gauged action of (6)
S =
∫
dtd2x
[
iJ
ψ†(D0ψ)− (D0ψ)†ψ
1− |ψ|2 −
2J2(Diψ)
†Diψ
(1− |ψ|2)2 − γ0A0 − V (ψ)
+
κ
2
ǫµνρAµ∂νAρ
]
, (9)
where Dµ = ∂µ − iAµ, and Aµ is the CS gauge field, and γ0 is the constant
background charge density. We choose the potential energy to be
V (ψ) =
λ
2
(−Q3 + γ)(Q3 − v), (10)
with γ = γ0 + J and Q
3 being given as in (7). λ is an anisotropic constant, and v
is a free parameter connected with symmetry breaking [20]. This specific choice of
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(10) is for the purpose of the self-duality. The Euler-Lagrange equation in terms
of the non-compact spin variables Qa becomes
DtQ−Di[Q,DiQ] + λ
(
Q3 − v + γ
2
)
[Q, t3] = 0. (11)
The gauge field equation is given by
κ
2
ǫµνρFνρ = j
µ. (12)
Here jµ is a conserved current expressed by
jµ ≡ (ρ, ji) = (−Q3 + γ, 2tr(t3[Q,DiQ])), (13)
and then QU(1) =
∫
d2xQ3 is the conserved U(1) charge.
Let us first construct the Bogomol’nyi bound. Using the identity
(Diψ)
†Diψ
(1− |ψ|2)2 =
|(D1 ± iD2)ψ|2
(1− |ψ|2)2 ∓
1
2
ǫijFij
(
1
1− |ψ|2 − v
′
)
∓ i
2
ǫij∂i
(
ψ∗∂jψ − ψ∂jψ∗
1− |ψ|2
)
± ǫij∂i
(( 1
1− |ψ|2 − v
′
)
Aj
)
, (14)
where v′ is an arbitrary constant, we obtain the following Bogomol’nyi equation:
H =
∫
d2x
(
2J2 |Diψ|2
(1− |ψ|2)2 + V (ψ)
)
=
∫
d2x
[
2J2 |(D1 ± iD2)ψ|2
(1− |ψ|2)2 + V (ψ)∓
J
2
ǫijFij
(
Q3 − v′′
)]
∓ 4πT, (15)
where the topological charge is given by
4πT =
∫
d2x
[
iJ2ǫij∂i
(
ψ∗∂jψ − ψ∂jψ∗
1− |ψ|2
)
− Jǫij∂i
(
(Q3 − v′′)Aj
)]
, (16)
with v′′ = (2v′ − 1)J .
Using the Gauss Law constraint
κ
2
ǫijFij = −Q3 + γ, (17)
and from (10) and (15), we find that self-dual limit is achieved with the condition
λ = ±2J
κ
and v = v′′(= (2v′ − 1)J). Note that the latter condition connects
the symmetry breaking parameter with the topological charge. The Bogomol’nyi
6
bound is saturated by the topological charge when the self-duality equation is
satisfied:
(D1 ± iD2)ψ = 0. (18)
Expressing the gauge field Ai in terms of ψ = |ψ|eiΘ, we find
Aj = ∂jΘ± ǫjk∂k ln |ψ|. (19)
Substitution into Gauss’s law (17) yields
∇2 ln |ψ| ± ǫij∂i∂jΘ = ±1
κ
(
J
1 + |ψ|2
1− |ψ|2 − γ
)
. (20)
We concentrate on J = 1 case for the time being. It will be restored later when
we discuss large J limit. Let us define |ψ| ≡ e−φ, then we obtain a scalar equation
for the soliton configuration:
∇2φ± ǫij∂i∂jΘ = −dVeff
dφ
, (21)
where the “effective” potential Veff is given by (See Fig. 1)
Veff (φ) = ±1
κ
(ln sinhφ− γφ). (22)
Let us concentrate on the upper sign (self-dual case) and the rotationally symmetric
solutions. The lower sign can be handled in a similar fashion. The ansatz in the
cylindrical coordinate (r, θ) is given by
φ = φ(r), Θ = nθ, Ai = −ǫijxj
r2
a(r). (23)
Then, the Gauss’s law (17) and self-dual equation (18) are given as follows:
rf ′(r) = [n− a(r)] sinh f(r), (24)
a′(r) = − r
κ
[cosh f(r)− γ]. (25)
Also the equation of motion in (21) becomes an analogue of the one dimensional
Newton’s equation for r > 0, if we regard r as “time” and φ as the position of the
hypothetical particle with unit mass:
d2φ
dr2
+
1
r
dφ
dr
=
1
κ
(− cothφ+ γ) . (26)
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The exerting forces are the conservative force from the effective potential Veff(φ)
in (22), and time-dependent friction 1
r
dφ
dr
. When n 6= 0, there is an impact term at
r = 0 due to ǫij∂i∂jnθ =
n
r
δ(r) in (21).
The effective potential suggests that solutions are of three types; the topological
vortex with n 6= 0 (κ > 0, γ > 1), the non-topological vortex with n 6= 0 (κ <
0, γ = 1), and the non-topological soliton with n = 0 (κ < 0, γ = 1). In the
first case, the particle starts from φ = ∞ at r = 0 and moves until it reaches
φ = coth−1 γ at r = ∞. It corresponds to broken vacuum with Q3 = γ. In the
second case, the particle starts from φ =∞, reaches a turning point where it stops,
changes the direction, and finally rolls down again to φ = ∞. In the last case,
the particle starting at some finite position, rolls down directly to φ =∞. Let us
examine the behavior of the solutions more closely. Near r = 0, the condition for
Ai to be non-singular forces a(0) = 0 and nf(0) = 0. Hence when n 6= 0, f(0) = 0
and when n = 0, f(0) is arbitrary. The behaviors of the solutions near r =∞ are
determined by the condition f ′(∞) = a′(∞) = 0.
I. Topological vortex (κ > 0, γ > 1).
Near r = 0, trying power solutions of the form f(r) = f0r
p, a(r) = a0r
q, we find
p = n(positive), q = 2, and a0 =
γ−1
2κ
. (24) forces f ′(r) > 0 near r = 0. Hence a(r)
and f(r) are monotonically increasing function near r = 0. Near r = ∞, since
φ(∞) = coth−1 γ, f(∞) is ln(γ + √γ2 − 1) and the finiteness of energy requires
a(∞) = n.
II. Non-topological vortex (κ < 0, γ = 1, n > 0).
Near r = 0, we find f = f0r
n and a(r) = − f20
4(n+1)κ
r2n+2 which are all monotonically
increasing functions near r = 0. Near r = ∞, let us try f(r) = f∞r−p, a(r) =
α + a∞r
−q where α ≡ a(∞). Then we find p = −n + α, q = 2(α− n− 1), hence
α > n+ 1.
III. Non-topological soliton (κ < 0, γ = 1, n = 0).
Near r = 0, let us try f(r) = f(0) + f0r
p and a(r) = a0r
q. We find p = q = 2
and f0 > 0. This means that no solution exists in which the “particle” climbs up
the hill at first. It rolls down from the beginning. Hence f(r) is a monotonically
decreasing function and a(r) is an increasing function. Near r = ∞, let us try
f(r) = f∞r
−p, a(r) = α+ a∞r
−q. We find p = α, q = 2(α− 1) and a∞ < 0, hence
α > 1.
Some numerical results are presented in Fig. 2 and 3.
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Let us compute physical quantities of these solitons under the ansatz in (23).
The topological charge (16) can be expressed by
T =
n
2
(cosh f(0)− cosh f(∞))− α
2
(cosh f(∞)− v′′). (27)
For topological vortex, we find T = n
2
(1 − 2γ + v′′) and for nontopological vortex
and soliton, T = −α
2
(1− v′′). The magnetic flux Φ ≡ ∫ d2x B is given by
Φ = 2πα. (28)
It is 2πn for the topological vortex, and 2π(n+β), with β = α−n, for others. We
define the angular momentum [21]
M =
∫
d2x ǫijxi
{
i
(∂jψ
∗)ψ − ψ∗(∂jψ)
1− |ψ|2 − Aj(Q
3 − 1)
}
. (29)
We count only the unambiguous contribution coming from the gauge field in the
absence of the background charge γ0. It is given by
M = πκα(α− 2n). (30)
M is in general fractional, which means the solitons are anyons. It tells that
M = −πκn2 for topological vortex, M = πκ(β2 − n2) for nontopological vortex,
and M = πκβ2 for nontopological soliton.
Next, we examine the large J limit. To do that, let us consider the Holstein-
Primakoff transformation and introduce u defined by
u =
√
2J |ψ|√
1− |ψ|2
. (31)
Substitution of the inverse transformation
|ψ| = u√
2J + u2
(32)
into (20) yields
∇2 ln u− 1
2
∇2 ln(2J + u2) = ±1
κ
(
u2 − γ + J
)
. (33)
We find that in the limit J → ∞ and γ = J , neglecting terms of order 1/J , the
equation is precisely the Liouville equation of the gauged nonlinear Schro¨dinger
model [16]. Also when −γ + J = 1 it reduces to the Abelian Higgs model [17].
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3 Quantization
In this section, we consider quantization of the gauged spin system. Since the
Lagrangian of our model is singular, we use the Dirac’s constraint analysis [22],
together with the first-order method advocated by Faddeev and Jackiw [23]. We
first represent the action (9) in terms of the canonical variables (f,Θ) given by
ψ = tanh f
2
eiΘ. To do that, we use the non-compact spin variables;
Q1 = J sinh f(r) cosΘ(r), Q2 = J sinh f(r) sinΘ(r), Q3 = J cosh f(r). (34)
We denote vectors with bold face from here on. The first order Lagrangian can be
rewritten as [23]
L = aI(ξ)ξ˙
I −H(ξ), (35)
where ξI denotes collectively the canonical variables, (f(r), Θ(r), Ai(r)). The
time dependence will be omitted unless needed. The Hamiltonian (15) with the
Gauss’s law constraint is given by
H =
∫
d2r
[
J2
2
(
(∂if(r))
2 + sinh2f(r) (∂iΘ− Ai)2
)
+ V + A0G˜
]
. (36)
The potential V is given in (10) and the Gauss’s law is implemented as the first
class constraint;
G˜ =
κ
2
ǫijFij +Q3 − γ ≈ 0. (37)
The Euler-Lagrangian equation from (35) reads as
ΩIJ(ξ)ξ˙
J =
∂H(ξ)
∂ξI
, (38)
with ΩIJ (ξ) =
∂
∂ξI
aJ(ξ)− ∂∂ξJ aI(ξ). ΩIJ(ξ) defines the pre-symplectic two form Ω
by
Ω =
1
2
ΩIJ(ξ)dξ
IdξJ = da(ξ), (39)
where a(ξ) is the canonical one form, a(ξ) = aI(ξ)dξ
I . For the given first order
Lagrangian, we find
Ω =
∫
d2r
(
J sinh f(r)df(r)dΘ(r) +
κ
2
ǫijdAi(r)dAj(r)
)
. (40)
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When the matrix (ΩIJ) is non-singular, i.e., has its inverse (Ω
IJ) as in (40), the
Poisson bracket is defined as
{F (ξ), G(ξ)} = ΩIJ(ξ)∂F (ξ)
∂ξI
∂G(ξ)
∂ξJ
(41)
=
∫
d2r
[
1
J sinh f(r)
(
∂F
∂f(r)
∂G
∂Θ(r)
− ∂F
∂Θ(r)
∂G
∂f(r)
)
+
(
1
κ
ǫij
∂F
∂Ai(r)
∂G
∂Aj(r)
)]
,
and the Euler-Lagrangian equations become
ξ˙I = {ξI , H} = ΩIJ ∂H
∂ξJ
. (42)
The above Poisson bracket yields
{J cosh f(r),Θ(r′)} = δ(r− r′), (43)
{Ai(r), Aj(r′)} = 1
κ
ǫijδ(r− r′). (44)
Then, by using the expression (34), we recover the su(1, 1) spin algebra
{Qa(r), Qb(r′)} = −ǫabcQc(r)δ(r− r′). (45)
One can check that no further secondary constraints arise
{H, G˜} ≈ 0, (46)
and (42) yields the equations of motions (11) and (12).
To quantize the system, we adopt the scheme which has two properties. The
first one is that we pursue the quantization of dynamical variables which are func-
tions of only Qa’s, which satisfy the basic su(1, 1) algebra (45). This is due to the
fact that not every observables which are functions of the canonical variables sat-
isfying (43) are quantizable [24]. Therefore, we prepare the classical Hamiltonian
in the form;
H =
∫
d2r
[
1
2
(
DiQ
1·DiQ1 +DiQ2·DiQ2 −DiQ3·DiQ3
)
+ V (Q3) + A0G˜
]
. (47)
Then, we introduce Q± = Q
1 ± iQ2, Q0 = Q3 and use the canonical relations
coming from quantizing the classical algebra (45);
[Q+(r), Q−(r
′)] = −2Q0(r)δ(r− r′), [Q0(r), Q±(r′)] = ±Q±(r)δ(r− r′). (48)
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Secondly, we work in the reduced phase space quantization scheme [16] in which
the Gauss’s law is first solved to yield the quantum gauge potential (∇ = ∂
∂r
)
A(r) = ∇× 1
κ
∫
d2r′ G(r− r′)[−Q0(r′) + γ], (49)
where G(r− r′) is the Green’s function;
G(r− r′) = 1
2π
ln |r− r′|. (50)
We will take A(r) to commute with Q±(r), Q0(r) [16].
Then, the normal ordered Hamiltonian is given by
H =
∫
d2r
(
1
2
Π† ·Π− 1
2
∇Q0 · ∇Q0 + λ
2
(−Q0 + γ)(Q0 − v) + A0G˜
)
, (51)
where
Π = DQ− ≡ ∇Q− − iAQ−. (52)
The equation of motion is given by
iQ˙−(r) = [Q−(r), H ]
= −Q0(r)D2Q−(r) + 1
2
[Q−(r), ∇2Q0(r)]+ − A0(r)Q−(r)
+
1
2κ2
∫
d2r′∇G(r− r′) · ∇G(r− r′)Q+(r′)Q−(r′)Q−(r)
−λ
2
([Q−(r), Q0(r)]+ − (γ + v)Q−(r)) , (53)
where [ , ]+ denotes anticommutator. The scalar potential A
0 is given by
A0(r) = −1
κ
∫
d2r′ G(r− r′)∇× j(r′), (54)
where j is the current-density operator
j =
1
2i
[Q+(r)Π(r)−Π†(r)Q−(r)]. (55)
The third component Q0 satisfies the current conservation equation:
Q˙0 +∇ · j = 0. (56)
To give anyon interpretation, let us define a new operator
Qˆ−(r) = e
−iω(r)Q−(r) ≡ exp
[
i
2πκ
∫
d2r′Σ(r − r′)(−Q0(r′) + γ)
]
Q−(r), (57)
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where Σ is given by
∇×G(r− r′) = − 1
2π
∇Σ(r− r′), tanΣ(r− r′) = y − y
′
x− x′ . (58)
We also define Qˆ0(r) = Q0(r). A straightforward computation shows that the new
operators satisfy the anomalous commutator
Qˆ+(r)Qˆ(r
′) = e
i
2κ [Qˆ−(r
′)Qˆ+(r)− 2Qˆ0(r)δ(r− r′)], (59)
Qˆ±(r)Qˆ±(r
′) = e−
i
2κ Qˆ±(r
′)Qˆ±(r),
[Qˆ0(r), Qˆ±(r
′)] = ±Qˆ±(r)δ(r− r′).
Using the identity [16]
− i[ω(r), ∂tω(r)] = 1
4π2κ2
∫
d2r′ ∇Σ(r− r′) · ∇Σ(r− r′)Q+(r′)Q−(r′), (60)
one can show that (53) becomes “free” equation in terms of Qˆ;
i
˙ˆ
Q−(r) = −Qˆ0(r)∇2Qˆ−(r) +
1
2
[Qˆ−(r),∇2Qˆ0(r)]+ (61)
−λ
2
(
[Qˆ−(r), Qˆ0(r)]+ − (γ + v)Qˆ−(r)
)
.
Hence, the our system provides another field theoretical model of anyons [25]:
the gauge potential can be eliminated by a singular gauge transformation, and
the multivalued operators Qˆ’s satisfy a free equation but anomalous commutation
relations.
To consider the large spin limits, let us introduce the Holstein-Primakoff trans-
formation:
Q−(r) =
√
2J + ψ†(r)ψ(r)ψ(r), Q+(r) = ψ
†(r)
√
2J + ψ†(r)ψ(r),
Q0(r) = J + ψ
†(r)ψ(r). (62)
One can check that the algebra (48) is satisfied if one postulates the following
commutator [26]:
[ψ(r), ψ†(r′)] = δ(r− r′), [ψ(r), ψ(r′)] = [ψ†(r), ψ†(r′)] = 0. (63)
In the large J limit, let us rescale λ → 2Jλ, A0 → 2JA0, and choose γ = v = J .
Then, substituting (62) into (51) and keeping only the linear terms in J , we obtain
(after we rescale H by 2JH , and perform normal ordering with respect to ψ)
H =
∫
d2r
[
1
2
Π† ·Π− λ
2
(ψ†ψ)2 + A0(
κ
2
ǫijFij + |ψ|2)
]
, (64)
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which is the Hamiltonian of the gauged non-linear Schro¨dinger model of Jackiw
and Pi [16].
4 Conclusion
We found that the gauged non-compact spin system admits various self-dual ro-
tationally symmetric solitons. Depending on the background charge, they can
be classified as the topological vortices, the nontopological vortices, and the non-
topological solitons. The topological lump solutions do not exist because of the
non-compact nature of the target space. These soliton equations have hidden large
spin limits which can be reached by the classical Holstein-Primakoff realization.
By a suitable choice of the background charges, the system reduces to the Liou-
ville equation whose exact multi-soliton solutions are known, or the Abelian Higgs
model. In the second quantum aspect, we found that the quantization of the
gauged non-compact spin system leads to the nonrelativistic field theory describ-
ing anyons, and its large spin limit is also connected with the gauged nonlinear
Schro¨dinger model. This provides yet another realization of the CS field producing
the long-range interaction which is responsible for the fractional statistics.
There remain several issues which deserve further investigation. The first one
is related with avoiding the singularity |ψ| = 1 to obtain finite energy solitons. We
found that CS gauge field makes this possible by providing an effective potential
Veff of (22). This corresponds to introducing a scale into the flat potential. In this
respect, there remains other alternatives, especially inclusion of the fourth-order
spatial derivative Skyrmion term [27]. This term does not permit any self-duality
in 2+1 dimension, but the existence of the finite energy solitons itself would be
interesting (the same statement also holds in the compact case). The analytic
behaviors of the self-dual solitons deserve further study. The existence of the
multivortex solutions (with multicenters) [28] of the nonlinear partial differential
equations described by (21) and (22) for the various background charges needs to
be analyzed in detail.
The extensions into “higher” cases remain as open problems. First, we can
consider higher non-compact CP (N) case [29]. The pivotal thing is to check
whether the self-dual equations admit solitons with finite positive semi-definite
energy. Gauging the full SU(1, 1) group or SU(2) in the compact case is another
direction to try. In these cases, the Gauss’s law (17) will be replaced by the non-
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Abelian version. This can be attacked either in holomorphic gauge [30] or in axial
gauge [31]. It would be interesting to look into the self-dual equations in these
gauges to find out whether they lead to any sensible soliton theory. The quan-
tization could also be performed in these gauges, but the non-compact case will
require a more careful treatment because of the non-compact nature of the gauge
field. The relations with the relativistic SU(1, 1) model of [11] should be studied
also to see whether the present non-relativistic self-dual solitons could be obtained
by taking some suitable limit.
On the more physical side, it would be meaningful if the CS gauged spin system
could be realized in the parity broken system. Especially note that similar type of
vortices are analyzed in the double-layer fractional quantum Hall effect, which is
described by the compact CP (1) nonlinear sigma model coupled with the CS gauge
field and a Hopf term [32]. Since the non-compact symmetry is also connected
with the quantum Hall effect [9], the vortices, solitons and anyon realization of the
simplest non-compact symmetry presented in this paper could have some physical
application.
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Fig.1 Shapes of Veff(φ) for some values of κ and γ, e.g., (−1, 1) means κ = −1
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Fig.2 Shapes of f(r).
The solid line denotes non-topological vortex, the dotted line topological vortex,
and the dashed line non-topological soliton. (−1, 1) means κ = −1 and γ = 1.
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Fig. 3 Shapes of a(r).
The solid line denotes non-topological vortex, the dotted line topological vortex,
and the dashed line non-topological soliton. (−1, 1) means κ = −1 and γ = 1.
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